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Highlights

• The gravitational field of the shape model is converted to
the oblate and the prolate spheroidal harmonic representa-
tion

• High-frequency effects are mitigated by increasing the
maximum degree

• The behavior of the harmonic series is studied near the
Brillouin spheroid

• Gravitational field data sets for Bennu and Castalia are
provided
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Abstract

Gravitational field of small bodies can be modelled e.g. with mascons, a polyhedral model or in terms of harmonic functions. If the
shape of a body is close to the spheroid, it is advantageous to employ the spheroidal basis functions for expressing the gravitational
field. Spheroidal harmonic models, similarly to the spherical ones, may be used in navigation and geophysical tasks. We focus
on modelling the exterior gravitational field of oblate-like asteroid (101955) Bennu and prolate-like asteroid (4769) Castalia with
spheroidal harmonics. Using the Gauss-Legendre quadrature and the spheroidal basis functions, we converted the gravitational
potential of a particular polyhedral model of a constant density into the spheroidal harmonics. The results consist of i) spheroidal
harmonic coefficients of the exterior gravitational field for the asteroids Bennu and Castalia, ii) spherical harmonic coefficients for
Bennu, and iii) the first and second-order Cartesian derivatives in the local spheroidal South-East-Up frame for both bodies. The
spheroidal harmonics offer biaxial flexibility (compared with spherical harmonics) and low computational costs that allow high-
degree expansions (compared with ellipsoidal harmonics). The obtained spheroidal models for Bennu and Castalia represent the
exterior gravitational field valid on and outside the Brillouin spheroid but they can be used even under this surface. For Bennu, 5
metres above the surface the agreement with point-wise integration was 1% or less, while it was about 10% for Castalia due to its
more irregular shape. As the shape models may produce very high frequencies, it was crucial to use higher maximum degree to
reduce the aliasing. We have used the maximum degree 360 to achieve 9–10 common digits (in RMS) when reconstructing the input
(the gravitational potential) from the spheroidal coefficients. The physically meaningful maximum degree may be lower (<< 360)
but its particular value depends on the distance and/or on the application (navigation, exploration, etc.).

Keywords: Asteroids, surfaces, Near-Earth objects, Geophysics

1. Introduction1

Gravitational field of small bodies plays a significant role in2

a number of phenomena associated with their exploration and3

dynamics. For example, accurate gravitational fields are used4

to constrain geophysical investigations or they are used for or-5

bit determination (navigation) of other objects in the body’s6

neighborhood. Werner & Scheeres (1996) overview the main7

approaches to express planetary gravity fields; mascons, poly-8

hedral (or shape) models and harmonic representations. Each9

of them has its own drawbacks and advantages; a more de-10

tailed comparison can be found in Balmino (1994); Werner &11

Scheeres (1996); Takahashi & Scheeres (2014) and others.12

This contribution belongs to a family of harmonic modelling,13

we focus on the exterior gravitational field of two small bodies.14

There are multiple options when using the harmonic functions.15

Most straightforward is to use spherical harmonics, as they are16

not computationally demanding (e.g., they can be evaluated up17

to ultra high degrees > 104). However, for accurate compu-18

tations these functions do not suit to irregular bodies such as19

small bodies because their corresponding spherical Brillouin20

∗Corresponding author
Email address: sebera@asu.cas.cz (Josef Sebera)

surface may be too far from the body so the series may not con-21

verge (or converge slower) under this surface. The exception22

are the solutions that employ spherical harmonics in a more so-23

phisticated way; e.g., see Takahashi et al. (2013); Takahashi &24

Scheeres (2014). On the other hand, instead of spherical har-25

monics one can employ the ellipsoidal harmonics. Basically,26

they provide triaxial flexibility, which is very suitable for more27

irregular shapes. Recently, these functions were applied to the28

gravitational field of Eros (Garmier et al., 2002), Vesta (Park29

et al., 2014) and Martian moons (Hu & Jekeli, 2014). However,30

the computation of ellipsoidal harmonics is not so straightfor-31

ward and can be numerically demanding; for example, in Park32

et al. (2014, p.119) it is discussed a use of quadruple precision33

for stable evaluations of these harmonics about degree 24.34

A reasonable trade-off between the spherical and ellipsoidal35

harmonics is provided by the spheroidal harmonics. Although36

they offer only biaxial flexibility (oblate and prolate spheroidal37

harmonics), their computation is not so demanding and one38

can obtain very high degrees (say > 104 depending on the39

flattening). Hence, we may expect the same computational40

costs as with the spherical harmonics but better performance41

near the surface of more irregular (non-spherical) bodies. Re-42

cently, the computation of spheroidal harmonics or the asso-43

ciated Legendre functions of the second kind was the sub-44

Preprint submitted to Icarus March 1, 2016



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

ject of many authors, e.g. (Gil & Segura, 1998), (Segura &45

Gil, 1999), (Fukushima, 2013, 2014). Here, we use hypergeo-46

metric functions and standard definitions from Hobson (1931);47

Abramowitz et al. (1965), their description is given in Appendix48

A. The possibility to reach higher degrees becomes important49

when converting the gravitational fields from shape (polyhe-50

dral) models to harmonic representations. This is because, as51

pointed out in Takahashi & Scheeres (2014, p. 172), the polyhe-52

dral gravity signal may generate information of infinitely high53

degrees and orders. As shown below, by using high-degree54

expansions of spheroidal harmonics such aliasing can be suc-55

cessfully mitigated. The oblate spheroidal harmonics are tradi-56

tionally used in Earth and planetary sciences such as geomag-57

netism, geodesy etc; e.g., Winch (1967); Maus (2010); Lowes58

& Winch (2012); Pavlis et al. (2012). However, as shown in59

Fukushima (2014), there are plenty of non-spherical small bod-60

ies, to which also prolate spheroidal harmonics are applicable.61

Following the motivation from Fukushima (2014) and the62

choice of the target small bodies in Takahashi & Scheeres63

(2014), we employ the spheroidal harmonics to express the64

gravitational field of two small bodies; the oblate-like asteroid65

(101955) Bennu and the prolate-like asteroid (4769) Castalia.66

The resulting spheroidal models are based on available shape67

models of both bodies with a given density. Although assum-68

ing the constant density may be limiting, the obtained harmonic69

models can provide a suitable starting point for further geophys-70

ical and navigational tasks. One obvious advantage of the har-71

monic representation is that the series allows for spectral filter-72

ing, which can support further geophysical exploration of short-73

wavelength structures such as impact basins Zuber et al. (1994);74

Smith et al. (2012), eliminating the effect of topography for75

crust and mantle modelling (Wieczorek et al., 2013) etc. For the76

illustration, Appendix B provides plots of the Cartesian deriva-77

tives from the spheroidal harmonic degree 5. All the input data,78

the resulting gravitational field models and data grids are pro-79

vided at http://galaxy.asu.cas.cz/planets/index.php?page=sgfm.80

2. (101955) Bennu81

This Apollo Near Earth Asteroid (NEA) is the primary target82

of the OSIRIS-REx Asteroid Sample Return Mission (Drake83

et al., 2011). The prime objective of the mission is to measure84

Yarkovsky effect on this asteroid (Chesley et al. 2014) and also85

to investigate physical, mineralogical and chemical properties86

and to return samples of its material (Lauretta et al. 2014). The87

spacecraft will also be used to measure Bennu’s gravity field by88

means of radio science (Scheeres et al. 2012).89

(101955) Bennu was discovered in September 1999 by the90

LINEAR survey (former designation 1999 RQ36). Later on, it91

turned out to be a Potentially Hazardous Asteroid with possi-92

ble impacts in the second half of the next century (Milani et al.93

2009). It was closely observed in optical and infrared bands94

and also by Arecibo and Goldstone radars in its last three ap-95

paritions. Therefore, we have detailed knowledge of some of96

its physical characteristics. The mean diameter of Bennu is97

492 ± 20 m (the dimensions of the three principal axes being,98

respectively, 565± 10 m, 535± 10 m and 508± 52 m). Its shape99

Figure 1: Shape model for Bennu (a polyhedron with triangular facets) and the
bounding oblate spheroid with semiaxes from Table 2 (the colorbar indicates
the distance from the origin).

resembles that of 1999 KW4 primary (Ostro et al. 2006), but100

there is no satellite larger than 15 m (Nolan et al. 2013). The re-101

flectance spectra indicate that Bennu is a primitive B-type aster-102

oid (Clark et al. 2011) with low albedo of 4.5 ± 0.5% (Lauretta103

et al. 2014).104

The precise shape model, taken from Planetary Data Sys-105

tem1 (PDS), is a result of radar delay-Doppler observation and106

lightcurve observations (Nolan et al., 2013). Its volume is107

0.0623±0.006 km3 (ibid). Together with infrared observations,108

it was possible to estimate its mass and bulk density with high109

accuracy. The derived bulk density is 1260±70 kg/m3 and since110

the likely meteorite analog density is known, the macroporosity111

was estimated as 40 ± 10% (Chesley et al. 2014).112

3. (4769) Castalia113

(4769) Castalia is also an Apollo NEA. It was discovered114

in August 1989 at the Palomar Observatory as 1989 PB and115

observed by radar shortly after its discovery (Ostro et al.116

1990). Later, a detailed shape model (Neese, 2004) was ob-117

tained from radar observations published by Hudson & Ostro118

(1994) and it is also available at PDS2. It is a bifurcated ob-119

ject consisting of two irregular, kilometer-sized lobes with a120

volume of 0.6678 km3. We assume it has a mean density of121

2100± 400 kg/m3 (Scheeres et al. 1996) and rather high poros-122

ity of 40% to 60% depending on the meteorite analog density123

assumption. The accuracy of the shape model is not known but124

discussed in Hudson & Ostro (1994).125

4. Spheroidal modelling of the exterior gravitational field126

Since the density variations of Bennu and Castalia are not127

known, we shall assume these bodies are of a constant den-128

sity given in the preceding sections. With a constant density,129

the spheroidal modelling becomes quite straightforward. We130

start with Eq. (1), with which one can obtain the gravitational131

1http://sbn.psi.edu/pds/resource/bennushape.html
2http://sbn.psi.edu/pds/resource/rshape.html
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Figure 2: Shape model for Castalia (a polyhedron with triangular facets) and the
bounding prolate spheroid with semiaxes from Table 2 (the colorbar indicates
the distance from the origin).

Figure 3: Oblate and prolate spheroids and the convention for denoting the
semi-axes. The symbol u denotes always the smaller axis of the spheroid while
au denotes the second one, ϑ is the polar angle on the bounding sphere.

potential on an arbitrary surface by integrating over a polyhe-132

dral shape model of the asteroid. In our case, we have chosen133

the surfaces of the oblate and the prolate spheroid depicted in134

Figures 1, 2. The lengths of the semi-axes were chosen to en-135

compass the small body by the spheroid, whose surface is kept136

close to the body (its shape model). The harmonic coefficients137

are obtained by the spheroidal harmonic analysis applied to the138

potential computed with Eq. (1); see Section 4.2. The choice139

of the gravitational potential for the analysis is customary and140

one can employ other variable based on Eq. (1). The result141

of the analysis is a set of the harmonic coefficients called the142

spheroidal model of the exterior gravitational field. With these143

harmonic coefficients various gravity field data can be obtained144

by the spheroidal synthesis; Appendix B gives the relevant re-145

lations for the first and second Cartesian derivatives of the grav-146

itational potential that can be used with Eq. (2).147

Before we proceed with the analysis, it will be useful to in-148

troduce the adopted convention for the spheroid. Start with a149

relation between the (global) Cartesian and the spheroidal co-150

ordinates from Table 1, for which we use the convention de-151

picted in Figure 3. The smaller semi-axis is always denoted by152

u, while the larger semi-axis has the length equal to au. The153

rotational symmetry is evident from Figure 3 and Table 1.154

Table 1: Relation between the Cartesian and the spheroidal coordinates, where
ϑ ∈ [0, π] is the polar angle, λ ∈ [0, 2π) is the azimuth, u is always the smaller
semi-axis compared with au as shown in Figure 3. The quantity E2 = a2

u − u2

is usually called the numerical eccentricity.

Coordinate Oblate Prolate
x1

√
u2 + E2 sinϑ cos λ u sinϑ cos λ

x2

√
u2 + E2 sinϑ sin λ u sinϑ cos λ

x3 u cosϑ
√

u2 + E2 cosϑ

Figure 4: Gravitational potential on the outer spheroid for Bennu computed
with Eq. (1) – the input signal to the harmonic analysis (in m2s−2).

4.1. Gravitational potential from the shape model155

Assuming a constant density, the gravitational potential of a
small body can be calculated by a surface integration (Werner
& Scheeres, 1996, Eq.1)

V =
Gρ
2

∫∫

S

~n · ~r dS , (1)

where G is the gravitational constant, ρ is the density of a body156

and the vector ~n and ~r is the normal and the radius vector, re-157

spectively. In the discrete case, i.e. with the surface S in terms158

of a shape model, the integral in Eq. (1) as well as its derivatives159

with respect to the Cartesian coordinates can also be found in160

Werner & Scheeres (1996). Equation (1) according to Werner161

& Scheeres (1996) was used for computing the gravitational162

potential on the outer spheroid that entered a subsequent har-163

monic analysis. The input to the analysis is shown in Figure 4164

for Bennu and in Figure 5 for Castalia.165

4.2. Harmonic analysis on the spheroid166

The solution to the exterior Dirichlet problem for the
spheroid provides the gravitational potential V (u, ϑ, λ) = V as
(Lebedev, 1972, p.218)

V =
GM√
u2

0 + E2

∞∑

n=0

n∑

m=0

Qn,m(η)
Qn,m(η0)

(
C̄e

n,m cos mλ + S̄ e
n,m sin mλ

)
P̄n,m

(2)
where C̄e

n,m, S̄
e
n,m denote the cosine and sine harmonic coeffi-167

cients of degree n and order m, GM stands for the planeto-168

centric (here the asteroid-centric) gravitational constant, u is169

the semi-axis of the reference spheroid according to Figure 3,170

4
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P̄n,m = P̄n,m(cosϑ) and Qn,m is the associated Legendre func-171

tion of the first and the second kind, respectively. The angle172

ϑ is sometimes called the reduced co-latitude (the polar angle173

of a bounding sphere). Note the bar in Legendre function P̄n,m174

denotes the normalization that keeps its values in the numeri-175

cal range of the computer; e.g., see Press (2007, p.294). The176

term Qn,m(η0) in Eq. (2) is somewhat arbitrary but it follows177

the convention adopted by Hobson (1931, p.417). The argu-178

ments η0 and η share the same value for the linear eccentricity179

E2 = a2 − u2
0 = a2 − u2 so that the spheroids u and u0 are180

confocal. The prolate and oblate spheroidal harmonics differ in181

the argument η. For the oblate case it holds η = iu
E (with i the182

imaginary unit), while it is η =
√

u2+E2

E in the prolate case. The183

definition of Qn,m and the relevant computational schemes are184

subject of Appendix A. Generally, the series in Eq. (2) sums up185

to infinity and a set of harmonic coefficients limited by a certain186

integer Nmax is usually called the gravitational (or gravity) field187

model.188

Once we work with the (u, ϑ, λ) domain, in which the
Laplace’s equation is separable, the harmonic coefficients can
be obtained by the spheroidal harmonic analysis

C̄e
n,m

S̄ e
n,m

=

√
u2

0 + E2

GM

Qn,m(η0)
Qn,m(η)

∫∫

σ

V(ϑ, λ)
cos mλ
sin mλ

P̄n,m(ϑ) dσ,

(3)
where we integrate the potential over a spheroid with dσ refer-189

ring to the surface σ indicated in Figure 3 by the dashed line190

(the surface σ is the bounding sphere; see Lowes & Winch,191

2012, p. 6). Equation (3) presents nothing else than the spheri-192

cal harmonic analysis from Press (2007, p. 296) adapted for the193

spheroidal coordinates and multiplied by Qn,m functions (Lowes194

& Winch, 2012).195

The bounding spheroids depicted in Figures 1, 2 associated196

with η present our choice for the so-called Brillouin surface (or197

the outer Runge surface, see Freeden & Gerhards, 2012, p. 25),198

below which the outer harmonic coefficients do not converge199

(Takahashi & Scheeres, 2014). These spheroids are by their200

whole surface above all masses so that Eq. (1) can be used for201

expressing the outer gravitational potential. Note that the equiv-202

alent spherical Brillouin surface would be farther from the as-203

teroid at the poles for the oblate body, and at the equator for the204

prolate body, respectively.205

Note that Eq. (1) may also serve as a starting point for com-
puting various partial derivatives of the potential from a shape
model (Werner & Scheeres, 1996). In this case (a grid-wise ap-
proach followed by the quadrature), the harmonic analysis must
be accommodated accordingly. Among many partial deriva-
tives of V , the most suitable input quantities seem to be the
derivatives with respect to u (i.e., Vu,Vuu etc.). This is because
only the Qn,m functions in front of the integration symbol need
to be differentiated; e.g., Eq. (3) for Vu reads

C̄e
n,m

S̄ e
n,m

=

√
u2

0 + E2

GM

Qn,m(η0)
∂Qn,m(η)/∂u

∫∫

σ

Vu(ϑ, λ)
cos mλ
sin mλ

P̄n,m(ϑ) dσ.

(4)

5. Choice of the spheroid parameters206

Parameters of the biaxial encompassing spheroids shown in
Figure 1 and 2 were found by the following procedure. First,
we found the semi-axes a′0, b

′
0, c
′
0 of the triaxial ellipsoid that

best fits the shape model. This was done by least-squares fitting
of the quadratic surface in terms of its general form (Rektorys,
1994)

3∑

i=1

3∑

j=1

pi jζiζ j + 2
3∑

i=1

riζi = 1 (5)

where the parameters pi j, ri define the quadratic surface and ζ ∈
{x, y, z}. Because the coordinate axes and the origin of Bennu
and Castalia shape models coincide with principal axes (Nolan
et al., 2013; Hudson & Ostro, 1994), we can use a simplified
form of Eq. (5) (Andrews & Séquin, 2014)

p11x2
1 + p22x2

2 + p33x2
3 = 1, (6)

where the mixed and linear terms responsible for the rotation207

and translation are avoided.208

Then, the semi-axes a′0, b
′
0, c
′
0 of the triaxial ellipsoid can

be obtained from the eigenvalue problem
[
A(pi j) − D

]
V = 0,

where D = λI and V contain the eigenvalues and the eigenvec-
tors, respectively (with I the identity matrix). The semi-axes
are then (Ruiz et al., 2013)


a′−2

0 0 0
0 b′−2

0 0
0 0 c′−2

0

 = D. (7)

We have checked the results from Eq. (6) with those from209

Eq. (5) with differences of a few centimetres (relative agree-210

ment 10−5).211

In order to get the parameters a0, b0 of the spheroid, the two212

closest values from a′0, b
′
0, c
′
0 have been averaged. The spheroid213

a0, b0 is chosen to be a reference spheroid that intersects the214

shape model and that is indicated by η0 in Eq. (2). With a fixed215

value of numerical eccentricity E2 = |a2
0 − b2

0| the semi-axes of216

the outer (bounding) confocal spheroid were found by looking217

5
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Table 2: Parameters of the spheroids used in this study. Note the magnitude
of a′0 corresponds with b and u for Castalia because the x, y, z were rotated for
90◦ about the y−axis; then a new z−axis is the spheroid’s axis of rotational
symmetry according to Figure 3. For Bennu E2

B = 1.1308 · 104 m2 while it is
E2

C = 6.0987 ·105 m2 for Castalia. The semiaxes are given in meter, the density
in kg ·m−3.

Name Density a′0/b
′
0/c
′
0 a/b au/u

Bennu 2100 259/250/231 254/231 (u2 + E2
B)

1
2 /271

Castalia 1260 901/480/420 450/901 974/(a2
u − E2

C)
1
2

Figure 6: Spectra of the spheroidal gravity field models of Bennu and Castalia.

for a point P of the shape model that has a maximum value of218

the semi-axis bP. Finally, any choice u > bP with fixed E2 may219

define an outer confocal spheroid with respect to the reference220

spheroid. The outer spheroids for both bodies are depicted in221

Figure 1 and 2 and Table 2 provides their numerical parameters.222

223

6. Results – harmonic models of the exterior gravity field224

In order to obtain spheroidal coefficients, the spheroidal har-225

monic analysis was applied to a grid with the gravitational po-226

tential calculated with Eq. (1) and shown in Figures 4, 5. A227

choice of the maximum degree of the harmonic series is cus-228

tomary but it should be chosen with care to capture a high-229

frequency signal. In general, these high frequencies may come230

both from the density/mass anomalies (not possible here due231

to the assumption of the constant density) inside the body and232

from the shape model. The latter issue is pointed out in Taka-233

hashi & Scheeres (2014, p.172) by stating that “The polyhedral234

gravity field ... contains information of infinitely higher-degree235

and higher-order expansion”. This is caused by the discretiza-236

tion in terms of triangular facets producing high frequencies.237

Hence, to reduce or to look at the effect of these high frequen-238

cies on low-degree coefficients, the harmonic analysis can be239

performed up to higher spheroidal harmonic degrees and orders240

(more in Sec. 6.1.1).241

The final harmonic analysis was applied to the Gauss-242

Legendre grid up to degree and order 360 of a dimension243

361 × 720 points (see Sec. 6.1.1). This kind of grid is sam-244

pled at latitudes with Pn(ϑ) = 0 and it leads to the Gauss-245

Legendre quadrature (Press, 2007). The precision of the har-246

monic analysis was checked by the backward computation of247

the potential from the obtained coefficients. For both bodies248

we obtained a relative accuracy of 10−7 that means the origi-249

nal and the computed potential have minimally seven common250

digits (with RMS about 9–10 digits). The coefficients up to de-251

gree 60 are displayed in Figure 6. We can see that the power of252

the coefficients dramatically decreases with increasing degree,253

especially for Bennu due to its simpler shape.254

Note the maximum degree 360 does not necessarily mean255

that a physically meaningful signal will be present over such256

high frequencies. Here the degree of 360 increased the num-257

ber of common digits in the backward test by reducing the258

aliasing. Nevertheless, the question what degrees or individ-259

ual coefficients can be neglected (if any) may be important in260

the applications such as geophysical exploration or navigation261

of the explorers in the body’s neighbourhood (e.g., for the mis-262

sion OSIRIX-REx). Besides the accuracy of the coefficients,263

the role of high-degree coefficients depends not only on the dis-264

tance from the body but also on the function computed with265

these coefficients. In particular, the partial derivatives of the266

potential may be important for detailed geophysical exploration267

with gravity data, whereas these derivatives are usually more268

sensitive to higher frequencies than the potential3. In Appendix269

Appendix B, the gradient components and the second-order270

derivatives for both bodies are shown; to download these data271

visit http://galaxy.asu.cas.cz/planets/index.php?page=sgfm.272

6.1. Discussion of error sources273

Our solutions may be affected by the errors of different na-274

ture. The most obvious imperfection comes from the assump-275

tion of the constant density. The obtained harmonic models are276

fully subject of this methodological constraint and they should277

be used with this in mind. This issue can only be investigated278

with independent gravity data sets if available, e.g. with fly-by279

orbits or with information on the rotational state of the asteroid.280

Besides the uncertainty of the shape model (see Sections 2,281

3), another imperfection origins from the inaccuracy of the den-282

sity ρ used in Eq. (1). For Bennu it is 1260±70 kg/m3 while for283

Castalia it is 2100±400 kg/m3 (Scheeres et al., 1996). However,284

from Eq. (1) we can see this error linearly affects the gravita-285

tional potential. This means the obtained harmonic coefficients286

can eventually be re-scaled if some more accurate estimate of ρ287

is known. For example, the fraction ρnew/ρold, where ρold is the288

density used in the integration, adjusts the harmonic coefficients289

to a new value ρnew. The uncertainty of the bulk density (which290

is assumed to be constant) is directly linked with the uncertainty291

of the bulk porosity as these two are related by P = 1 − ρ/ρM,292

where ρM is the appropriate meteorite analog density. This re-293

lation can be disentangled only with two independent informa-294

tion; e.g., from a shape model from radar measurements and295

from the fly-by orbit perturbations.296

6.1.1. Aliasing and discretization297

Furthermore, the harmonic coefficients may be affected by298

aliasing due to a high-frequency signal that may come ei-299

ther from the integration of a discrete shape model and the300

3For example, for the Earth the mission GOCE (Drinkwater et al., 2003)
has acquired second-order derivatives to reveal more information on the Earth’s
gravitational field from a satellite altitude, whereas the same maximum degree
could hardly be obtained with the potential or its gradient observed at the same
altitude.

6



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Figure 7: Bennu: effect of aliasing in terms of common decimal digits (top
panels) and the corresponding power spectra.

use of spheroidal harmonics for approximating its gravitational301

potential (see Takahashi & Scheeres, 2014, p.172), or from302

mass/density anomalies not considered in the modelling (a303

richer signal than assumed). As the density is assumed to be304

constant, we face only the aliasing caused by the first issue.305

In order to study this type of aliasing, we have applied the har-306

monic analysis to multiple grids with varying spatial resolution,307

whereas increasing the grid resolution increases the accuracy of308

the obtained harmonic coefficients.309

The maximum degree is linked with a grid dimension since310

we employ the Gauss-Legendre quadrature for the harmonic311

analysis by Eq. (3). For this quadrature we can obtain degree312

N if the grid has a dimension (N + 1) × 2N. In particular, we313

have used dimensions 61 × 120, 121 × 240, 241 × 480, 361 ×314

720 that have yielded harmonic coefficients up to the degree315

60, 120, 240, 360.316

For degree 360 we obtained the best agreement with the input317

potential and the potential computed from the coefficients. In318

Figure 7 and 8 the problem is documented in terms of common319

digits in the harmonic coefficients (top panels). We compare320

the solution up to degree and order 360 with all other solutions321

within the first 60 degrees. It is clear that the number of com-322

mon digits increases up to more than 5 digits if the maximum323

degree increases too. Furthermore, the effect of aliasing is also324

seen in the square root of power spectra (bottom panels) as the325

solutions to degrees 60, 120 and 240 depart from the solution to326

degree 360 near these degrees. For this reason, we take the final327

harmonic coefficients from the solution up to degree 360. Note328

that this maximum degree does not necessarily mean that such329

high degrees are physically meaningful. We recommend to use330

such coefficients that, in agreement with power spectra in Fig-331

ure 7 and 8, provide magnitudes small enough to be neglected332

in a particular application (say < 100).333

6.2. Signal near the Brillouin spheroid334

Although the obtained spheroidal models represent the exte-335

rior gravitational field with respect to the spheroid, onto which336

the harmonic analysis was performed, the models can formally337

Figure 8: Castalia: effect of aliasing in terms of common decimal digits (top
panels) and the corresponding power spectra.

Table 3: Differences in percent between Eq. (1) and Eq. (2) near the Brillouin
spheroid. The table complements Figures 9 and 10, whereas the distance is
measured along the normal from a triangular facet and the symbol “s” for Bennu
denotes that the spherical coefficients were used. Note that the same maximum
degree for the spheroidal and spherical series does not automatically provide
the same spectral content.

Distance (meters)/Degree Min Max RMS
Bennu

5/20 10−4 3.2 0.85
5/60 10−4 6.3 1.0

30/60 10−5 1.8 0.58
5/20 (s) 10−4 3.3 0.86
5/60 (s) 10−4 68 4.1
5/100 (s) 10−3 >100 >100

Castalia
5/20 4.3 22 12
5/60 4.3 22 12

100/60 10−3 14 5.4

be used in the space under the Brillouin spheroid but above338

the shape model. Inside the Brillouin spheroid, the spheroidal339

harmonics generally do not converge (Takahashi & Scheeres,340

2014) so special care must be taken to the choice of the maxi-341

mum degree. High degrees may dramatically distort the com-342

puted signal under the Brillouin spheroid.343

In Figure 9 we demonstrate the difference between the po-344

tential computed with the spheroidal models and that computed345

from Eq. (1) near the Brillouin spheroid. The black dots indi-346

cate the points above the Brillouin spheroid, while the distance347

from the shape model is measured along the normal to a triangu-348

lar facet. The total distance along this normal to the spheroid is349

shown in the bottom panels of Figure 9 for each triangular facet.350

For both bodies we can see that the differences decrease with351

increasing distance from the body. As seen from Table 3, as-352

sociated maxima and RMS values are much smaller for Bennu353
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Figure 9: Differences in percent between Eq. (1) and Eq. (2) near the Brillouin
spheroid with Bennu in the left and Castalia in the right panels. The black dots
indicate points above the Brillouin spheroid, whereas the distance is measured
along the normal to each triangle of the shape model. The distance along this
normal to the spheroid is shown in two bottom panels.

as the spheroidal approximation better suits to its shape; com-354

pare Figures 1 and 2. The shape of Castalia seems to be more355

complex and the spheroidal harmonics seem to provide a worse356

service for representing the gravitational field. For Bennu we357

have 1% difference in RMS in the potential 5 m above its sur-358

face, while we have about 12% in RMS for Castalia and the359

same distance. In case of Bennu, such a detailed gravitational360

field model may be of special interest since the OSIRIX-REx361

mission is planned to reach this asteroid in 2018 (Drake et al.,362

2011).363

6.3. Spherical harmonic model for Bennu364

Regarding a relatively regular shape of Bennu and a365

possible need for accurate navigation of the OSIRIS-REx366

satellite, which will likely prefer spherical than spheroidal367

harmonics, we have also transformed Bennu’s spheroidal368

coefficients into the spherical coefficients by the Hotine-369

Jekeli’s transformation defined in Hotine (1969); Jekeli370

(1988). The resulting coefficients are also provided at371

http://galaxy.asu.cas.cz/planets/index.php?page=sgfm.372

The practical advantage of the spherical harmonics is their373

wide use across the disciplines so that a lot of existing software374

can employ them. Note the more irregular shape of the body375

(e.g., Castalia) the less suitable may be the spherical harmonics376

for modelling its gravitational field with one set of coefficients,377

e.g., see Takahashi & Scheeres (2014).378

The spherical harmonics can also be used inside the Brioullin379

surfaces if the series is reasonably truncated as in Figure 9 for380

the spheroidal harmonics to degree 60. This behaviour is shown381

Figure 10: Bennu: Degree dependence of the differences under the Brioullin
spheroid (in percent) between Eq. (1) and the potential computed with the
spherical coefficients obtained from the Hotine-Jekeli’s transformation. Com-
pare with two upper left panels of Figure 9 where the same distance from the
body is used. Note the spherical harmonic degree 60 does not correspond with
the spheroidal harmonic degree 60 exactly; the same signal generates different
bandwidths in spheroidal and spherical harmonics.

in Figure 10, where the agreement of Eq. 1 with spherical har-382

monics is plotted as a function of the maximum degree (20, 60383

and 100) 5 metres above each triangular facet. Figure 10 is to384

be compared with the two upper left panels of Figure 9, where385

the same distance (5 m) from Bennu is considered. Although386

degree 60 in spherical harmonics is not the same as this degree387

in spheroidal harmonics, we can observe that both panels pro-388

vide good agreement so that even the spherical coefficients can389

be used near Bennu’s surface. Although not significantly, Ta-390

ble 3 indicates why spheroidal harmonics may provide a better391

service than the spherical harmonics in close proximity to the392

body. The same degree 60 produces four times worse agree-393

ment with Eq. (1) in terms of RMS so that spheroidal harmon-394

ics, depending on the u and au, may capture more signal with395

less coefficients and may less deviate from a true field up to a396

certain degree. Finally, spherical harmonic degree 100 in Fig-397

ure 10 demonstrates we can expect much worse agreement for398

higher spherical degrees near the Bennu’s surface.399

7. Summary400

A use of the spheroidal harmonics to express the exterior401

gravitational field of a small and constant-density body with a402

given shape (polyhedral) model is studied.403

In general, the spheroidal harmonics offer interesting biaxial404

flexibility when modelling the gravitational field of (not only)405

a small body. First, they can account for more irregular shape406

than the spherical harmonics while the Brillouin surface can407

be very close to an oblate or prolate body. Secondly, they can408

easily be evaluated up to very high degrees that may help to409

control the effects from aliasing and/or high-frequency noise in410

the data. In addition, the harmonic representations can easily be411
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filtered in the spectral domain, which may support geophysical412

interpretation over a specific bandwidth and region of interest.413

For example, a low-degree expansion derived from orbit per-414

turbations, which usually provide information on the true grav-415

itational field, may constrain a high-degree expansion derived416

from the shape model to test the constant-density hypothesis, to417

identify mascon-like objects, etc.418

In this contribution, we have obtained spheroidal harmonic419

models of the gravitational field of (101955) Bennu and (4769)420

Castalia by the grid-wise spheroidal harmonic analysis. The421

spheroidal model for Bennu is accompanied with the spheri-422

cal model obtained by the spheroidal-to-spherical transforma-423

tion. As seen from Figures 9, 10 and Table 3 for Bennu, there424

is nearly identical agreement of the spheroidal and spherical425

harmonics up to degree 20 about 5 metres above the surface.426

For degree 60 and this altitude, however, we can see that the427

spheroidal harmonics perform slightly better than the spherical428

harmonics (1% vs. 4% agreement in RMS). With increasing429

distance from a body, in turn, the role of either type of har-430

monics can be expected less significant. Hence, in a real appli-431

cation, the data quality and a particular purpose will best con-432

strain the choice of the basis functions. Along with harmonic433

models we provide the first and the second-order derivatives of434

the potential situated on the outer spheroid in the local South-435

East-Up frame (see Appendix B). All the data can be found at436

http://galaxy.asu.cas.cz/planets/index.php?page=sgfm.437

When converting a gravitational field of the shape models438

into the harmonic representation it was crucial to mitigate the439

effect of aliasing arising from the point-wise integration with440

Eq. (1). This was achieved by increasing the spheroidal har-441

monic degree of the series up to degree 360 as illustrated by Fig-442

ures 7, 8 in terms of common digits in the coefficients. By the443

backward computation of the gravitational potential from these444

coefficients, we have obtained 9-10 common digits in terms of445

RMS.446

The procedure described here is fully deterministic so that all447

solutions and other outputs depend on “outer” factors, which448

need to be taken into account before the application. The most449

important are i) the accuracy of the density of the body in ques-450

tion, ii) the assumption that the density is constant, and iii) the451

accuracy of the shape model. While the obtained coefficients452

can easily be scaled to satisfy another value of the density, the453

harmonic coefficients must be determined again if a new and454

more accurate shape model becomes available.455
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Appendix A. Computing Legendre functions of the second460

kind via hypergeometric formulation461

In this paper, we compute the associated the Legendre func-
tions of the second kind (ALFs) by means of the hypergeo-
metric formulation with modifications described in this section.

From Abramowitz et al. (1965, Eq. 8.1.3) we have

Qn,m (η) : = (−1)m

√
π(n + m)!

2n+1(n + 1/2)!

(
η2 − 1

) m
2

ηn+m+1

× 2F1

(
n + m + 2

2
,

n + m + 1
2

, n +
3
2
,

1
η2

)
,

(A.1)

where η = i u
E and η =

√
u2+E2

E is for the oblate and prolate
spheroid, respectively. The Gauss hypergeometric function is
defined as (Abramowitz et al., 1965, p. 556):

2F1(α, β, γ, δ) =

∞∑

k=0

(α)k(β)k

(γ)k

δk

k!
, (A.2)

where (x)k =
Γ(x+k)
Γ(x) =

(x+k−1)!
(x−1)! is the Pochhammer symbol, Γ462

is the Gamma function and k the integer index of the hyper-463

geometric series. The series is to be summed to a maximum464

kmax guaranteeing a numerical convergence. The speed of the465

convergence can be accelerated by a transformation of the hy-466

pergeometric formulation, which would change the relative size467

of α, β, γ and δ (e.g., decreasing δ etc.).468

Note the series in Eq. (A.2) may contain both the positive469

and negative terms so that its evaluation may also face the can-470

cellation. To accelerate the summation and to avoid the cancel-471

lation, we chose a different transformation of 2F1 for the oblate472

and prolate cases.473

Appendix A.1. Oblate ALFs474

For the oblate case we employ the transformation

2F1(α′, β′, γ′, δ′) = (1 − δ)−β 2F1

(
β, γ − α, γ, δ

δ − 1

)
, (A.3)

which for Eq. (A.1) gives

Qn,m (η) =(−1)
2m+n+1

2

√
π(n + m)!

2n+1(n + 1/2)!

(
η2 − 1

)− n+1
2

× 2F1

(
n + m + 1

2
,

n − m + 1
2

, n +
3
2
,

1
1 − η2

)
.

(A.4)

and then, by back substitution η = iu
E , we obtain

Qn,m

( iu
E

)
=(−1)m

√
π(n + m)!

2n+1(n + 1/2)!

(
E√

u2 + E2

)n+1

× 2F1

(
n + m + 1

2
,

n − m + 1
2

, n +
3
2
,

E2

u2 + E2

)
.

(A.5)

Appendix A.2. Prolate ALFs475

For the prolate case we employ a different transformation

2F1(α′, β′, γ′, δ′) = (1 − δ)γ−α−β 2F1 (γ − α, γ − β, γ, δ) ,
(A.6)
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which again with Eq. (A.1) gives

Qn,m (η) =(−1)m

√
π(n + m)!

2n+1(n + 1/2)!

(
η2 − 1

)− m
2

ηn−m+1

× 2F1

(
n − m + 1

2
,

n − m + 2
2

, n +
3
2
,

1
η2

)
.

(A.7)

and by back substitution η =
√

u2+E2

E it yields

Qn,m

(au

E

)
=(−1)m

√
π(n + m)!

2n+1(n + 1/2)!

(E
u

)m (
E√

u2 + E2

)n−m+1

× 2F1

(
n − m + 1

2
,

n − m + 2
2

, n +
3
2
,

E2

u2 + E2

)
.

(A.8)

Appendix A.3. Derivatives of Qnm and the summing scheme476

Eqs. (A.5) and (A.8) for the zeroth-order derivatives of Qn,m

with respect to u can be rewritten as a multiplication of the hy-
pergeometric series and the function of u, degree and order.

Q0
n,m(u) = βn,m(u)

∞∑

k=0

αn,m,k(u), (A.9)

where the superscript denotes the order of differentiation with477

respect to u. From this recipe one obtains summing schemes478

for the first Q1
nm =

∂Qnm

∂u and the second derivative Q2
nm =

∂2Qnm

∂u2479

as follows480

Q1
n,m(u) =

∂βn,m

∂u

∞∑

k=0

αn,m,k + βn,m

∞∑

k=0

∂αn,m,k

∂u
,

Q2
n,m(u) =

∂2βn,m

∂u2

∞∑

k=0

αn,m,k + 2
∂βn,m

∂u

∞∑

k=0

∂αn,m,k

∂u
+ βn,m

∞∑

k=0

∂2αn,m,k

∂u2
.

The starting value is αn,m,0 = 1 while βn,m functions are to be481

obtained from Eqs. (A.5), (A.8).482

Appendix A.4. Checking Q0
nm,Q

1
nm,Q

2
nm483

There are multiple possibilities how to check the computa-
tion of the ALFs of the second kind. Here, we make use of the
Legendre differential equation, which allows to verify partial
derivatives of Qn,m up to the second order at the same time. We
proceed from Lebedev (1972, Eqs. 8.6.7 and 8.6.13), where we

set sinhα = u
E and coshα =

√
u2+E2

E . Then the LDE in terms of
u for oblate functions reads

(u2 + E2)
∂2Qnm

∂u2
+ 2u

∂Qnm

∂u
−

[
n(n + 1) − m2E2

u2 + E2

]
Qnm = 0

(A.10)
and similarly for the prolate functions we get

(u2+E2)
∂2Qnm

∂u2
+

2u2 + E2

u
∂Qnm

∂u
−
[
n(n + 1) +

m2E2

u2

]
Qnm = 0.

(A.11)
From the Legendre differential equation and Eq. (A.1) we484

see that Qnm can be multiplied by an appropriate degree-order485

function that may cancel out some cumbersome terms in Eq.486

(A.1). For example, we can introduce the normalization Q̄n,m =487

Hn,mQn,m, where Hn,m = (−1)m 2n+1(n+1/2)!√
π(n+m)!

. With such or simi-488

lar normalization one can better control the behaviour in high489

degrees and orders.490

Appendix B. Cartesian derivatives of the gravitational po-491

tential in the local frame492

The Cartesian derivatives of the potential in spheroidal har-493

monics can be derived from ordinary partial derivatives of494

Eq. (2) by using the algorithm described in Koop (1993); Ca-495

sotto & Fantino (2009). The algorithm starts with the coordi-496

nates from Table 1 and the associated covariant metric gi j. Here,497

we provide relations specifically for the second-order deriva-498

tives as they are rarely or not at all present in the literature. Fig-499

ures B.11 and B.12 show their numerical values on the outer500

spheroid. In both figures we sum from degree 5 to illustrate501

the short-wavelength signal. The Cartesian derivatives in the502

local South-East-Up (x′, y′, z′) frame for the oblate spheroid are503

defined (compare with Koop, 1993, p.31)504

Vx′ =
1
L

Vϑ,Vy′ =
1

v sinϑ
Vλ,Vz′ =

v
L

Vu

Vx′x′ =
uv2

L4
Vu +

1
L2

Vϑϑ +
E2 cosϑ sinϑ

L4
Vϑ

Vx′y′ =
1

vL sinϑ
Vϑλ − cotϑ

vL sinϑ
Vλ

Vx′z′ =
uv
L4

Vϑ − v
L2

Vuϑ − vE2 cosϑ sinϑ
L4

Vu

Vy′y′ =
u
L2

Vu +
1

v2 sin2 ϑ
Vλλ +

cotϑ
L2

Vϑ

Vy′z′ =
u

Lv2 sinϑ
Vλ +

1
L sinϑ

Vuλ

Vz′z′ =
v2

L2
Vuu − uE2 sin2 ϑ

L4
Vu − E2 cosϑ sinϑ

L4
Vϑ

where v =
√

u2 + E2 and L =
√

u2 + E2 cos2 θ.505

For the prolate spheroid we obtain similar relations506

Vx′ =
1
L

Vϑ,Vy′ =
1

u sinϑ
Vλ,Vz′ =

v
L

Vu

Vx′x′ =
uv2

L4
Vu +

1
L2

Vϑϑ − E2 cosϑ sinϑ
L4

Vϑ

Vx′y′ =
1

uL sinϑ
Vϑλ − cotϑ

uL sinϑ
Vλ

Vx′z′ = −uv
L4

Vϑ +
v
L2

Vuϑ − vE2 cosϑ sinϑ
L4

Vu

Vy′y′ =
v2

uL2
Vu +

1

u2 sin2 ϑ
Vλλ +

cotϑ
L2

Vϑ

Vy′z′ = − v
u2L sinϑ

Vλ +
v

uL sinϑ
Vuλ

Vz′z′ =
v2

L2
Vuu − uE2 cos2 ϑ

L4
Vu +

E2 cosϑ sinϑ
L4

Vϑ

where it holds v =
√

u2 + E2 and L =
√

u2 + E2 sin2 θ.507
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Figure B.11: Bennu: the first (in mGal) and second-order Cartesian derivatives (in eotvos = 10−9 s−2) of the potential from the degree 5.

Figure B.12: Castalia: the first (in mGal) and second-order Cartesian derivatives (in eotvos = 10−9 s−2) of the potential from the degree 5.
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